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VI. Repulsion and Rotation produced by Alternating Electric Currents. 
By G. T. Walkeh, B. A., B.Sc, Fellow of Trinity College, Cambridge. 

Communicated by Professor J. J. Thomson. 



Beceived November 5, — Read December 10, 1891. 

In the 'Electrical World/ May, 1887, p. 258, or the 'Electrical Engineer' (New 
York), June, 1887, p. 211, "Novel Phenomena of Alternating Currents/' may be seen 
an account of some experiments by Professor Elihij Thomson on the mechanical 
force between conductors in which alternating currents are circulating. 

In the case of a ring of metal in the presence of an electromagnet, in the coils of 
which an alternating current is passing, a force of repulsion is experienced by the 
ring, and this may be accounted for in the words of Professor Thomson as follows : — 

" It may be stated as certainly true that were the induced currents in the closed 
conductor unaffected by any self-induction, the only phenomena exhibited would be 
alternate equal attractions and repulsions, because currents would be induced in 
opposite directions to that of the primary current when the latter current was 
changing from zero to maximum positive or negative current, so producing repulsion ; 
and would be induced in the same direction when changing from maximum positive 
or negative to zero, so producing attractions." 

This may be illustrated by fig. 1. Here the strong line represents the primary and 

Fig. 1. 




the thin line the secondary, while of the dotted line any ordinate is the product 
of the ordinates of the lines representing the intensities of the currents and, hence, 
represents the mechanical force of attraction or repulsion. 
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In the case of self-induction causing a lag, shift, or retardation of phase in the 
secondary current, the circumstances are described by Professor Elihu Thomson as 
follows :— 

" It will be noticed that the period during which the currents are opposite, and 
during which repulsion can take place, is lengthened at the expense of the period 
during which the currents are in the right direction for attractive action. 

" But far more important still in giving prominence to the repulsive effect than 
this difference of effective period, is the fact that, during the period of repulsion, both 
the induced and inducing currents have their greatest values, while, during the 
period of attraction, the currents are of small amounts comparatively. There is then a 
repulsion elite to the summative effects of strong opposite currents for a lengthened 
period against an attraction due to the summative effects of weak currents of the same 
direction during a shortened period, the resultant effect being a greatly preponderating 
repulsion." 

The diagram for this is given in fig. 2. 

Fig, 2, 




Professor Thomson has proved experimentally that two circular coils, whose planes 
are perpendicular to the line joining their centres, repel one another when an 
alternating current traverses one of them. 

If the coils consist of circular wires of radii A, a, and the planes be distant b, while 
the current traversing the primary is of strength I sin pt, then I have shown that the 
force of repulsion is 



p |^| 2 [2F - (1 + cos 2 y ) F] [2F - (1 + sec 3 y) E 



w 



IltJX u 



= resistance of secondary circuit, 
N = its coefficient of self-induction, 
2 v /(Aa) 



in y 



>i ) * 



v/{(A + af + V\ 
and F, E are complete elliptic integrals to modulus sin y. 
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This repulsion may easily be taken advantage of by using It as the basis of a meter 
for alternating currents. 

If the coils consist of two circles of radii a and c (the former the greater), with their 
centres coincident and planes making an angle 0, and we send a current I sin pt 
through the larger, there will be a couple tending to increase the angle 0. 

This has been proved experimentally by Professor Thomson : its amount proves 
to be 



4^3AT (A 



S 3 + fW a> 



sin cos + f ( - ] sin cos ( 10 cos 3 — 3) + . . . 



The positions 0=0 and = it/2 are positions of equilibrium, the former being 
unstable and the latter stable. 

By making the plane of the primary vertical and suspending the secondary inside 
so as to be capable of turning round a vertical axis by means of bifilar suspension 
with = as position of equilibrium, the deflection 0, when the alternating current 
is passing, will give the intensity of current. 

We might also get the intensity by suspending the secondary by a single thread 
and observing the time of a small oscillation about = tt/2. 

If the moment of inertia of the secondary about the vertical be mk 2 it is not difficult 
to show that the number of oscillations per second is 
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Professor Elihu Thomson has devised other interesting experiments of which the 
following is an example :— 

A sheet of copper is placed so as to half cover an alternating magnetic pole. Upon 
this, near the pole, is ,laid a hollow sphere of copper. The electromagnetic action 
produces a couple so powerful that the friction of rotation is overcome and the sphere 
is spun round. 

The mathematical analysis for this case being complicated I have evaluated the 
couples called into action in various combinations of hollow spherical and cylindrical 
shells. 

It is a known fact that in a spherical conductor no external field can give rise to 
induced currents that do not circulate in concentric spherical shells. After a 
preliminary theorem to the effect that there are no other families of surfaces which 
possess similar properties, the case has been considered of an infinitely long, thin, 
circular cylindrical shell in a field consisting of alternating currents parallel to its 

If the electrokinetic momentum of the primary field be expanded in harmonics over 
the cylinder, it turns out that if all the terms of each harmonic have the same phase, 
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there will be no couple acting on the cylinder : as a particular case, if the external 
field have the same phase throughout there will be no couple. 

The next case considered is that of two long cylindrical shells in the presence of an 
alternating current in a long parallel wire. 

If the current in the wire be I coa pt, and cr, a be the resistances (across unit length 
of the surface) and a> a! the radii of the shells, while />, p are their distances from 
the wire, d from one another, and c of the wire from the plane containing the two 
axes, then the couple on the a shell is in the direction represented in fig. 3, of amount 



where 
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D'* = 4?r 2 a /2 p 2 + o- 2 ^ 



In this case the couples on the two shells are, considering only the most important 
term, of equal magnitudes and of opposite signs* 

If a second wire conveying a current of strength — I cos pt be laid close to that 
already present, we obtain in effect a filament periodically magnetised in a direction 



Fig, 4 




perpendicular to its length. Let this direction make a with the plane containing the 
axes. Then, if QQ' (the line of length d). subtend <f> at the magnet M, the couple on 
the a shell is 
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^, A a — ___A. — . — qir , o^i 

where A cos pt is the intensity of the magnet and terms of the eighth degree in the 

radii are omitted. 

Thus, to this order of approximation, we have the following results :— 

(a.) The couples exerted are independent of a 5 i.e., of the direction of the axis of 

the electromagnet. 

(/J.) The shells have equal couples in opposite directions, the parts of the shells 

directed towards one another being attracted towards the electromagnet if <j> is less 

than a right angle, and driven away if <£ exceeds a right angle. 

Fig. 5. 




Fig. 6* 




If cj) be a right angle the couple is zero. 

We next discuss the case of a thin spherical shell in any field and show that— ■ 

(a t ) If the field be symmetrical round any diameter, there will be no couple about 
that diameter, 

(/3.) If the external field be completely in the same phase, or if, when the external 
magnetic potential is expanded in harmonics over the surface, the terms of the 
harmonic of any degree are in phases that are the same for the same degree, then the 
couple will vanish. From this it follows that if the primary field be in the same 
phase throughout, and any number of perfectly conducting bodies be introduced, 
their currents will be in the same phase as the primary field, and no couple will 
be produced. 

It has been stated that in the case of Professor Elthtj Thomson's sphere, spinning 
on a sheet of copper, the effect was due to the sheet acting as a " shield " and pro- 
ducing an unsymmetrical field. That this explanation is not satisfactory will be 
evident on considering that the field is unsymmetrical before the sheet is interposed, 
and that the better the sheet conducts the better the shielding effect ; so that if it 
be a perfect conductor a large couple would be expected whereas in reality there is 
none whatever. 

The effect must, I think, be traced to the fact that the currents induced in the 
sheet are caused by self-induction to lag, so that the field in action on the sphere 
does not alternate in one phase* 

2 o 2 
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The results obtained in the preceding analysis are applied to the case of two thin 
spherical shells in the presence of an alternating current in a straight infinite wire. 



Fiir. 7. 



© 




•V" 



If the line joining the centres of the spheres be taken as OX, and the axis OY be 
the shortest distance between OX and the wire W (the last two lines being taken 
perpendicular to one another), then calling the distances of the centres of the 
spheres from the origin 6, &', and their radii a $ a (as with the cylinders), we have as 
the first terms of the couples upon the a, b and the a', V shells— 



and 



wnere 






1 I VpWfflV*c 



A„ = 16»Vp 9 + (2w + l) 3 o- 2 : 



and I cos pt, ar, or', c, and d have the same meanings as before. 
If we write h for \ (b + &')» the cou pl es are 



Hence 

(a. ) If o- ? a-' or c vanish, the couples vanish, as might be expected. 

(/J.) The signs of the couples fall into three cases : — 
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(i.) When Qh is positive and greater than d. both couples are positive. 



c 



V/* 



Fig. 8. 
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Fig. 9. 
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(ii.) When 6h is numerically less than d, the a, b couple is positive and the 



a, V negative. 



Fier. 10. 
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(iii.) When 6h is negative and numerically greater than d, both couples are 
negative. 
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Fig. 12, 
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If we place another wire by the side of that already in position, and thus make a 
filament alternately magnetised in a direction perpendicular to its length, and making 
an angle a with OX (as with the cylinder), then the couple on the a> b sphere is 



tra 727r"p c a 4 aVcr p . , , 



+ 3 sin 2 (& — y — y')]. 



and on the a', 6 ; sphere 



288 



MR, a. T. WALKER OH BEPULSION AND BOTATICM 



K 3 — ~„ f-r- x T-^* I"—" B i n 2 (y — ■ y) + 3 sin 2 (ot 



y')l 



where K cos pt is the magnetic moment of unit length* 
To this order then 
a.) If the couples on the shells be equal and opposite 



a 



y = ? or \i?> 



(/3.) The couples will not vanish when e = (and y = y = 0) unless, in addition, 



a = or ^7r a 



In this case considerations of symmetry would give right results, 
(y.) For an example, take 

y = 30°, 
and the couples will be 



7 



60 



K 2 



the upper sign referring to the a, & shell. 
The sign of the bracket will be + when a 



3 sin 2a 



4 



•7T. 
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or -|ir, 

+ J7T. 



Fig, IB. 




Fiff. 15, 




Fig.' 14 




(S.) In confirmation it may be noticed that when y t- w - 
are equidistant from the origin), and a is zero or a right ang. 
and opposite, 



y (i.e., when the spheres 
le, the couples are equal 
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Their magnitudes are 



_. Tr9 72*rWa'W' . rt 

"f & 9 /9A A/ W Sm 2 T 



and are negative and positive on the a, 6 and a', 6' shells as long as the former is to 
the right of the latter. 

Fig. 16. 




We now consider the couples on two spherical shells in the presence of a magnetic 
pole of strength H cos pt. 

We take the same axes as before with the magnetic pole at (o, c 9 o). 
The couple on the a, b shell proves to be 



and that on the a\ V shell 






Hence 

(a.) The couples vanish, as they should, when c = 0, or <r = 5 or a = 0* 

(/3.) When b = — b' and a = a', the figure is symmetrical to the plane YOZ, 

and the couples are equal and opposite : that on the a, b shell to the right is 

positive. 



Fig. 17, 



tf 
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V 



M 



(y.) For other caBes the discussion is similar to that for the cylinders with parallel 
current T cos pt 
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Thus (i.), when h { — ^(b + V)} is positive, and greater than c?/6 the couples are 

negative. 

Fig. 18. . Eig. 19. 

Ji 
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(ii.) When 6A is numerically less than d, the signs are + ? 




Fig. 20, 
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'iii) When 64 is negative and numerically greater than d, the couples are both 
positive. 



Jb ig"« Jiii 



Fig. 22. 
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If we take two spherical shells in the presence of a small magnet of moment 
K cos pt, whose axis cuts the line joining the centres of the spheres at angle a, we find 
for the couple on the a 3 6 shell 

where <£ (a, y, 7/) is written for 
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sin 2a + 3 (sin 2y + sin 2y') + sin 2a — 2y' — sin 2a — 2y 



— 3 sin 2y — 2y — 9 sin 2a — 2y — 2y . 



Fig. 23. 




For the other shell, we interchange y and y'. 

For the couples to be equal and opposite when y = tt — y, we must have a = 
or \ir. When y = \k, the a, 6 couple is positive for both values of a, and when 

r 



• . • 



= -g-7r, it is negative. 



Fig. 24. 



Fig. 25. 





We now take as an example 

y = 7T-/6, y' = tt/3, 

and the a, 6 couple is negative from 0° to about 98 u 23', positive thence to 171° 37' 
and negative to 180°. The a 7 , &' couple is negative from 0° to 112° 34', positive 
thence to 157° 26' and negative to 180°. 
In fig. 26, a = 45° ; in fig. 27, a = 105°. 



Fig. 26. 



Fig. 27. 
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8, a == 135° ; in fig. 29, a = 165 
Pig. 28. 
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For general principles 1 have derived assistance from the paper by Professor C, 
iven ? in the € Philosophical Transactions' of 1881, "On the Induction of Electric 
Currents in Infinite Plates and Spherical Shells/' 



The Mechanical Effects of the Currents Induced in One Coil by those in Another 



L Adopting Maxwell's notation and taking y 1? y 9j as the currents in the two 
circuits . we have 



2 



T = "Ly^ + 2My 1 2/ 3 + J%/« 



If R and S be the resistance of the primary and secondary circuits, and the current 
in the former be I sin pt, then for the second circuit 



whence 



where 



(My x + %, 



di 



A 
SMp 



»y» 



cos pi + B sin £>£, 



MNy 



^N* + S 2 



Thus the "lag" due to self-induction in the secondary coil is tan l Np/S, and the 
electromagnetic force tending to increase a coordinate x is 



dWL 



the mean value of which is 



?.MNp 2 



2 ,Q2 



SWiS r?^ 



~f IMy c&tf 



If the coils consist of circular wires of radii A and a, and their planes be perpen 
dicular to the line of length h that joins their centres, then Maxwell shows (§ 701 



tha 
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4tt aJ (Ad) 
sin y 



where 



sin y = 



1 + cos 2 y)F + 2E}, 



2\/ (Aa) 



v/{(A + a) 9 + V} 5 



and F and E are complete elliptic integrals to modulus sin y t 

xjlIoO 

dU 



7T 



db 



x/ (Aa) 



b sin y {2F - (1 + sec 2 y) E} ? 



so that the repulsion is 



2 



27r 3 j? 2 6N r 



2E — (1 + cos 3 y) F] [2F — (1 + sec 2 y) E" 



If the coils consist of two circles of radii a and c (the former the greater) with their 
centres coincident and planes Inclined 0, we have from Maxwell (§ 697), 



4tt 2 c 



X 



X. , <u (Ju 



[P'i (Q)P P x (6) + . . . + 



r (r + 1) \<x 



[F, (o)] 2 P, («) + .. . 



«*> {n ; *, (*> + 5^ (;)" ®' P, W + 



+ 



r.r + 1 W 



3 . 5 . . . r 



2.4. . . (r + 1) 



2 



P r (6) . . 



where r must now be odd. 

The couple tending to increase is 



1 a MNp a rfM 

S 1 S 2 + p2 N 2"^ J 



or 
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1 6tt 4 c 2 



1 c n , 1 /c\ 3 /3V 5 cos 3 — 3 cos 

cos V -f 
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2. In the course of the following work it will often be necessary to know what kind 
of distribution of electric currents is likely to be set up in conductors of various shapes 
on the introduction of external fields : it is known that In a sphere no external field 
can give rise to currents that do not circulate in concentric spherical surfaces, and it 

2 p 2 
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might be thought that for some other surface an analogous property held, as that in 
an anchor ring the induced currents always lay in toroidal surfaces. 

The question may be stated as follows :— 

Given a system of orthogonal surfaces, 

a = constant, 
b = constant, 
c = constant, 

and a uniform conductor whose bounding surface has a constant, what is the condition 
that, whatever be the nature of the external field, the induced currents may lie in the 
a surfaces. 

If the length 8s of the line joining the consecutive points a, 5, c, and a + 8a f 
b + S&, c -\- &c be given by 

8s* = A 3 Sa 3 + B 3 St 3 + C 3 8c 3 , 
and if 

a ? p? y? 



j x.Xj 



denote the components of electric current, of magnetic force, and of electromagnetic 
momentum along the normals to the three orthogonal surfaces through any point, 
then Maxwell's equations of electric currents become 



4ttBC , u = x- (Oy) — ^ (B/3) 



db^ n do 



4ttCA . v = ;r (Aex) — v (Oy) 



4ttAB . w = ~- (B/J) — rvr (Aa), 

and if there be no magnetisable matter in the conductor, a, /J, y are components of 
magnetic induction, and are given by 



3 

o 



BC« = ^ (CH) - ^ (BG), 

with two similar equations. 

If <r denote the specific resistance of the conductor, and \jt the electrostatic potential, 
then within the conductor we have (it being at rest) 



3F df 
era == - 



dt A da' 
with two similar equations. 
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Remembering that the surface has a constant over it, we have as the surface con- 
dition (Professor C. Niven, 'Phil. Trans./ 1881, p. 313) 

dt ^ Ada~~ ? 

the normal outwards being in the direction of a increasing : and (from the same 
source) within the conductor 

^xjj = 0. 

Hence difj/dn being known, t/r is uniquely determined (Maxwell, vol. 5, § 100, e). 
Let us write xjj == 9x/3£, and 



IT" 



F 4. ^2L - 

Ada 



Gr z=z Gr -f- ~ 



3 % 



H' — IT ? 
— -~ XI —p 



B3& 

C3c 



then our equations are typified by 



CT"W 



BC 



at, 



ar 
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If now the conductor be such that no external field can give rise to currents 
normal to a surfaces, then for all values of F', G', H' consistent with 



a 
dt 



F' = 



at the surface, and 



I (BCF) + 1 (CAG') + | (ABH') 







within the conductor, u must everywhere vanish ; that is, inside, 







3F 
dt 



= I < C T) - ^ < B # J 



« e • (. 



(L). 



Now F' is everywhere zero before the external field is brought into existence, 
hence by the former equation (l) it is everywhere zero permanently. 
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On substituting in the latter equation from the equations connecting /3, y with 
F', G', H', and remembering that F' = 0, we get 



db 1 AB da 



(BG) 



+ 3c { H da (° H ') 



0, 



and this is to hold for all values of G', H' consistent with 



3 (GAG) + | (ABH') = 0. 



35 



Be 



This condition is replaced by taking 



OAG'ee 



ABH' 



dc 



3/ 

dl 



and the former relation becomes 



d_ 

db 



c 3 / B 3f 



AB da VAC dc 



B 3 (G_df 



3 

3c [AC 3a \AB db) _ 



= 0, 



or 



_3 
36 



"_C_ 

AB 



■^ 3a \AC j + A 3 ^ _ 



3 
3c 



^AC J *8a\AB/ A !/ ' } . 



= 0. 



therefore 



A 



be 



C 3 /B 



B 3 / C 



AB 3a VAC/ AC 35 \AB/_ 



+ /. 



db 



C 3 /B 



AB 3a \ AC 
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3c 



B 3 /C 



+/« 



3/l_ 
35 \A 2 



AC 3a \AB 
3 /l 



) — /«* 



3c V A 2 



= 0. 



Now f being arbitrary the coefficients of f ic , &c. must vanish, therefore 



and 



B 3 / C \ 



AB 3a \AC/ AC 3a \AB / 



C 3 / B 



function of a (or constant) . 



A 2 



function of a (or constant) . 



* ' 3 3 fc 
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(iii.). 



On differentiation, the relation 



becomes 



Therefore 



Therefore 



3 /B 



AB 3a \AC. 

_C_ _3_ /B\ 1_ 3 / 1 
A 2 B3alcj *"*" A3«\A 



C 3/F 
B 3a\C, 



B_ 3 /CO 
AC 3a \AB. 

B__ 3 /C\ L i^a/i 

A 2 C 3« VB/ ' T ' A 3« \A 



B _3 {'C 
C 3a I R 



0. 
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Hence B/C is a function of 6, c only. 
Also it was proved that 



G 3 / 

-77: ^r f "fk) = function of a (or constant), 
AB 3& \AC/ x ; 

Therefore 

1 3 / 1 \ 

T ?T (t) ^ f unc tion of a (or constant). 

This, as well as the last condition (iii.)> is satisfied by A- function of a. 
Geometrically this means that the normal distance between a and a + 8a is every- 
where the same, i.e., that the a surfaces are parallel. 

Now the radius of curvature p ah of the normal section of a constant along the 
normal to h is given by 



and so too 



1 

Pah 


1 3B 

AB da 


1 


1 3C 



'ac 



AC da * 



Hence, if B/G is. independent of a, 

Pab z= Pac } 

i.e., the two curvatures at each point of an a surface are equaL 

Thus, the property in question is satisfied by a sphere, and only by a sphere or 
spherical shell, including, as a special case, a plane slab infinite in both directions. 

The Mechanical Effect of Currents set up in a Thin Circular Cylindric Shell of 

Infinite Length. 

3. We consider the case of a periodic field consisting of currents parallel to the 
axis of the shelL 

In this case the surface condition informs us that since there is no normal com- 
ponent of electromagnetic momentum, there will be no electrostatic potential ; also, 
if the axis of the cylinder be taken as the axis of cylindric coordinates, we have 

<rw = — -r(H + H ) ......... (iv.), 

where H is the momentum due to the external field and H that due to the induced 
currents, while cr and w represent the resistance and current across unit length of the 
surface. 



296 



MR. a. T. WALKER ON REPULSION" AND ROTATION 



Consider 



H 



o 



e tm sin vi 



at the surface of the shell, and let the induced currents give rise to momentum at the 
surface of 

H = e ind [B sin pt + C cos pt]. 

Since H is the potential of a distribution on the cylinder of imaginary matter of 
surface density w 9 we have 

iv = -— e in$ TB sin pt + cos jctfl. 
On substituting in (iv.) we see that 



an 
2ira 



[B sin pt + C cos jo£] = — p [B cos j>£ — C sin jpj] — pA cos y£. 



Therefore 



Therefore 



Hence 



w 



corresponding to a term 



CT7V 

2rra 



— P 



an 



j 






2irapA 



-s 



> 



-J 







4tt 3 <% 2 J9 3 -f aV 2m ap an 



. np (2*rrap sin pt + cm cos pt) in0 

Arn^a?p^ + cr% 3 



o 



.0-0 bill L)bi 



On differentiating with respect to t 9 we see that if 



then 



w — 



H = AV** cos |)^ s 



, np (2nrap cos pt — an sin pt) inQ 

-£*~ ,4 o o o . O 



On separating real and imaginary parts, it is clear that when 



H = [M cos nd + N sin w0] sinp£ 

+ f'Q cos nd + R si^ ^] cos P^ 
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then at the surface 



XT 

XL = 



and 



4^orlr^%l [27rajp sin pt + cm cos_p£] [M cos n# + N sin r^~ 
2irap 



4 7r 2 a 3p2 _|_ q.2^! 



— [27rop cos p£ — am sin_p£] [Q cos ^0 + R sin n0] . . • (v), 



w 



n 



2ira 



tl. 



4. We now proceed to find the components of magnetic force. When there is no 
magnetic matter (as we assume to be the case) the equations in cylindrical connecting 
a, /3, y with F, G, H, are 

8TT pSp 

3F 3H 



p 



dz dm 



' dm x I 00 

With the distribution that we have chosen, F = 0, G = 0, and hence 



a 



P 



OH 

~3# 



-\ 



C3" 



§5 r 

3tD 







When the value of EL at the surface is 



o 



then just outside, 



so that just outside. 



H = Ae inB sin pt $ 



w 



n 



Jn& 



H = A ( - j e %m smpt, 



a = in A —^- e ine sin jp£ 

(6 



""N 



fl 







a A 



ny 



»— i 



dn& ~.Z 



a 



n 



r" sm pt 



*j 



• * • « 



. . * (vi). 



Now when we consider the mechanical effects, since, on Amp&re's theory the 
mechanical effects of two elements of currents upon each other are equal and oppo- 
sitely directed in the straight line joining them, the field, due to the induced currents, 

MDCCCXCU. — A* 2 Q 
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will have no direct resultant mechanical effect on the cylinder, and it will suffice to 
take the components of induction due to the external system. 
The components of electromagnetic force along 8<sr, m? 80, 8z are 



f$iv } cao, 0, 



and hence the mechanical force on the shell, parallel to the inifc 
measured, is (per unit length) 



ial line from which is 



a 



ctr 



\e . w ( 



cos 



1 a sin 



)• 



The force in the perpendicular direction (perpendicular to the axis of the shell) is 



a 



*2ir 



J 



r w (a cos — /3 sin 0). 



The couple about the axis is 



r 27r 

a % \ 80 t aiu 
o 



tending to Increase 0. 

Now, with the kind of field that we have taken 






o - 







and the period being 2rr/p 3 the value of IT over the surface may be expanded in the 

series, 



n — oo 



H ~ 2 {[M.„ cos n0 + N» sin nff] sin pt + [Q» cos n0 + E» sin nff] cos p£}. 



w = 



We have already shown (vi.) that when 



H = Ae m$ sin pt 



at the surface, then at the surface 



*o 



V)l 



a 



in& 



sin pt 



Hence, with the expansion of H , we get 



n ™ oo 



n 



a 



o 



or ] 



IL 



i n sin n$ + N» cos n0] sin jp£ 



Q„ sin nO + B n cos nff] cos p£}. 



The corresponding value of w has been found to be (v.) 



«. 



00 



^ 



n _ i 47r 3 crp" + o"-n 



.2^2 (. 



"27rap sinjp* + an cos p^J [M„ cos n0 + N* sin nd 

+ [2 Trap cos pi — crn sin jo£] [Q„ cos n$ + R* sin nff]} 
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i 1 * "-■ n 



In finding the mean value of the couple, a 3 l a () w 80 5 we bear in mind that the 

'Jo 

mean values of sin 3 pt and of cos 3 jp£ are -|, and of sin pt . cos pi> zero. On picking out 
the coefficients of sin 3 pt and cos 3 pt in a w, we find for the mean value of the couple 



f27T 







S0 



n=z<x> 



n 



arftp 



= i 2 (47r 2 a 3 jp 2 + cr 3 ^ 3 ) 



( 



•WMljJBWW f 



,sin?i0 + l$ n cQ&n0)(27rap{M n co$n0^~N n smn0} 

— o-n{Q n cosn0 + R«siim0 j ) 
Q n smn0 + R n cosn0)(o m n{M. n cosn0 + N w snm0} 

+ 27rap {Q»cosw0 + I%sinn#} ). 



xXlS 



O 



l 27T 



sin 3 n$8# 



'2-?r 



cos 3 n# 8$ = 7r, 



and 



« ! 



•2tt 



sin n$ cos n# 3$ = 0. 



Thus the mean value of the couple becomes 



CO 



7ran 2 p 



2 (4w*a,y + o-V) 



2irap{ 



«-*- N u 



+ M„N M - Q«R M + Q«R«} 



oo 



rrawycr 



i 4tt 3 <x 2 P 3 + cr 3 % 

5. The couple vanishes when for all values of n, 



+ <m{Q»N* - M„K„ 



2 2 \-^^^%^ "*"*"' •*■'-*■ ^-*-*-'w/ • 



o.VJL^J.V'^, 



9 9 9 



™n*X,n) 



. . (vii.). 



M n N„ 



n 



R 



tan (j> Ui say, 



» 



so that H is of the form 



2 [Q» cos n# + Ra sin n0" 



COS (ffjf — (^) 
COS ^ 



in other words, the couple vanishes when both parts of each harmonic are in the same 
phase, though that phase be not the same for all harmonics. Is a particular case the 
remarkable result holds that whatever be the nature of the external field (it being 
made up, of course, of currents parallel to the axis), there will be no couple on the 
shell, provided the external field be altogether in the same phase. 

The Effect on an Infinite Cylindrical Shell, in the presence of an Alternating Current 
in a Parallel Wire, of the Interposition of a Parallel Cylindrical Shell. 

6. Take the plane through the axes of the shells as that of ZOX ? and a perpen- 
dicular plane through the wire as that of YOZ. 

2i Q Z 
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The shells are thin ; let their radii be a, a, and their distances from the origin b and 
b' ; let the distance of the wire from the origin be c, and the current in it I cospt 

Let the position of a pt,Y in space be determined by its distances r, r from the 
axes of the shells and the angles 0, 6'. 

Fig. 30. 




Then if b — V = d we have 



Hence 



therefore 



and if r < d. 



r cos 9 = r cos 6' — d 
r sin 6 = r sin 0' 



re 



-it 



& 



niO 



* *mra 



r e 



tff 



r n (— d + r'e-W) 



cos n9 ( — ) M 



r : 



» 



<* 



» 



1 + — cos # + - — — — — cos 20 + . . . 



sin %0 (-— ) 



» 



*» 



d 



n 



w — sin + — 77T— ~^ sin 20 + . , 
d ' 21 d? 



So, too, if r < d, 



ySg~iO 



re 



«» 



c£ 



and 



cos 7&0' 



r 



» 



d 



^ 



1 + -r cos V + — — — ■ -y; sua 20 + . . 



sin n6' 1 



Jn 



n - sm H zz sm W + . . . 

rf 2\ d* 



7. Due to the alternating current in the wire we have, over the a, b cylinder, 



IT 

X_Ln — — 



-o 



T . (c — a sin 0) 3 + (& + & cos #) 3 
— I log ^^^^^.^ — _ cos p^ 






where D is a constant. 
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On putting 



b = p cos y 
c = p sin y 



> 



we get when a < p, 



TT x i P 3 + 2p& cos 7 + + a 2 

H = - I . log — cos pt 



D 3 



= — cos pt 



1 p 



a 



,3 



w Q# QC 

— 21 cos pt - cos + y — . ;r-2 cos 20 + y + — cos 30 + y 



On substituting for 



a* 
4^ 



cos 40 + 7 • • • 



p cos 0, p sin 20, &c., 



we get to the fourth power of a/p, 



H = + I cos pt 



-log 



+ 



+ 



+ 



& 3 + c 3 
D 3 " 

a 3 

2a 3 
(6 3 + c 3 ) 3 

a 41 
2 (6 3 + c 3 )< 



2a 



& 3 + c 3 



(& cos — c sin 0) 



(— c 3 + 6 2 cos 20 — 2&c sin 20) 



(36c 3 - 6 3 cos 30 - c 3 — 3& 3 c sin 30) 



(&* + c 4 _ 6& 2 C 2 cos 4 ^ _ 4&c b 2 _ G % sin 40) + . . 



8. The currents set up in both cylinders will clearly be parallel to their axes, and 
if those in the a, b shell produce at points on itself the momentum 

H = M sin pt + Q cos pt 

+ (Mj cos + N x sin 0) sin pt + (Q 2 cos + R x sin 0) cos p£ 

+ (M 3 cos 20 + N 3 sin 20) sin pt + (Q 3 cos 20 + R 3 sin 20) cosp* 

+ higher harmonics, 

and if the currents in the a, V shell produce on itself a momentum, distinguished 
from the above by the dashing of the letters 

H = M' sin^9£ + Q' cos pt 

+ (M' x cos + . . .) sin pt +(...) cos pt 
+ (M' 3 cos 20 + . . .) sin pt + . . . 
higher terms, 
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then in all we have, that on the a, 5 cylindrical surface, the momentum of the field 
that produces currents in that shell, is (to the 4th power of a 9 a, as will afterwards be 
explained) 

52 _!_ c 3 

I losr -~^r— cos pt 



D 3 



2a 



ffi _|. c 2 



(6 cos — c sin 0) cos pi 



-j™ X 



~4~ T 



w 



(W + o 8 ) 



2>2 



(6 2 — c 3 cos 20 — 25c sin 20) cos p£ 



2a 3 ._ 



7^T _ l\i (36c 3 — 6 3 cos 3$ — c 3 — 86 2 c sin 30) cos p£ 



"J" ' JL. 



a 



4 



2 (6 2 + c 2 )^ 



(6 4 + c 4 - 66V cos 40 ■+" 46c c s — 6 s sin £0) cos pt 



+ 5th powers . . . 

+ M' sin pt + Q' cob pt 



+ (M\ sinp£ + Q'i cos pO j ( I + ^ co,« 



a 

d 



<x 



6&* 



+ — cos 20 , , . 



a \ a 



a- 4 



+ (N\ sin jp^ + R 1 cos pt) ( ~ W ^ sin + ~ sin 20 . . . 



'2 



^-(M'gsinp* + Q 2 cos_p£W(l + • • •) 



d 3 



+ 5th and higher powers. 



9. But if D^ = 47r% 3 p 3 + (jV 3 an external field of momentum 

H = ( X M» cos n0 + *N» sin n0) sin p£ + ( N Q W cos n0 + X B^ sin nO) cos jp£ 

at the surface of the a, 6 shell will produce in it currents whose momentum at the 
surface is by (v.) 



H 



2irap r 



u n 

2wa/p 
1) 



2irap sin pt + an oospt] [ X M* cos n0 + *N» sin n0] 
27rop cos _p£ — a-7? sin p£] [ % Q W cos n0 + X R„ sin w0]. 



Applying this to the values of H and H that we have recently found, we see that 
to the 4th powers of a. a (as we shall shortly explain) 



PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 



303 



M- 



2rrap(r 
__ 



21ab aa 

& 3 + £ 3 ^ 



2^1 



47T 2 ^ 2 p 3 <m' 



D, 



<2 2 



15 



N a 



27rajpcr 



2Iac aa/ , 

+ jT^7 + 7 K 






Qi 



47r 2 a 2 ^ 2 



2I&6 aa' n , 
^TT 8 ~*~ 1? ^ x 



2ira r pa aa! ^ _, 



R x 



47T 3 <X 2 p 5 



i6XcXC . eta -t^ » 



2irapa aa' , T , 



M 3 = 



4z7rapcr 



I) 



2 









XJ i 



d? 



N 3 = 



4zirap 



cr 



D, 



2a 2 &c 



(6* + c 2 )> 



1 + 



a 2 «/ 






47T 2 a 3 ^ 3 ft3a ' tvt/ 

d7 ^ 1! 



Q. = - 



47r 2 a 3 2? 3 



D 



3 



a? a! 



'a? Jo 1 — c 3 T 



Q'i 



^wapcr wa! , .., 
— — M 1? 



D 



2 



K 2 — 



47T 2 <X 3 j9 3 



D £ 



2 



2a%G 



(W + c 3 ) 3 









] 



4:7rap<r a?a* TsJ/ 



D„ d 8 



Mc 



67ra£>a- 2a 3 5 (3c 2 — 6 2 ) 



D 



{¥ + c 2 ) 8 



I, 



N„ = - 



8 



&7rapa- 2a s c (c 2 — 3& 2 ) T 



Q 3 =- 



R, 



4 7r 2 «y 2«^(3c 2 - 6 
D 3 ' (& 2 + e) 3 



-■-? 



47r 2 a 2 p 2 2a s c (e 2 — 35 a ) T 



M 4 = 



N 4 ,= 



87rap<r a 4 (6 4 + c 4 — 6& 2 c 2 ) 



D. 



2 (& 2 + c 2 ) 4 






8-irapo- 2a i bc (ffl — c 2 ) 
"57 (&^+ c 2 ) 4 ' 



Q* = 



47rVj9 2 ft 4 (& 4 + C 4 — 6& 3 C 2 ) 



D 



4 



2 (6 3 + cj 



R 



'4 



477%y 2a% (5 2 - c 3 ) 

7~ ( &3 + c3 ) 4 



.JL# 



The equations that hold for the a, V shell may be obtained from the above by 
interchanging dashed and undashed letters and altering the sign of d. 
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10. In order to justify the approximation we observe :— 

(a). For ordinary values of the letters, 2rrap is comparable with an ; in the case, for 
instance, of a copper shell of diameter 10 cm,, and thickness -J cm., 



and if 



a = 5, 

a- = 3 X 1640 about ; 

2nap = an, 



then p = 160ft about, which means that the number of reversals per second is about 
55n. 

Hence, as far as we are concerned, we regard 4-rrapa/D^ or 87r 2 a 2 p 3 /D 3 as of no 
degree in a. 

(/3). It only remains to remark that the degree in a, a of the most important term 
of each of the coefficients N 1? Q 3 , &c, is that of their suffix 1, 3, &c. 

11. We have 






D\ {b' % + c 2 ) 



I + cubes. 



N i = + -^r- ^^ I + cubes 

y 1 _ -| ^j— 7^-7-3 I + • • ■ 



D'-l 6' 3 + # 



It x ~ 



STr^a^p^ a c 



T>\ V* + c s 



T 4. 



Hence, as far as the fourth degree, in a, a, 



M — 

N 1 = 



2Trap<r 
2irapcr 



+ 



2Ia& 87r 2 a' 2 ?? 2 aa' 2 &' T 

6 s + c 3 + D'^ 2 " V*+~? 

2 lac SttW 2 ^ 2 <ra' 2 c 

6 2 + c 2 ~ D'i <P (5 /2 + c 2 ) 



167r s a 2 </p 3 <r' aa' 2 c T 



r ( viii -)> 



J 



with similar values for Q x and R^ 



T 47rajDcr 



M = I 



D< 



"a 3 (& 3 — c 3 ) SttV 3 ^ 3 



a?a%' 



_ (& 3 + c 3 ) 3 



D' 2 <P (V* + C 3 ) 



+ 



167r%VpV aW 



D ; ! D 2 d 3 (&' 3 + c 3 ) 



2\ -"-5 



with similar values for N 2 , Q 2 , and R 2 . 

The values of the coefficients may be determined by the same method to a further 
degree of accuracy, and since the current w is given when the H due to it is given, 



*it» j 
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00 



w 



n 
7 2«7ra 



2 7T~~ [(M» cos n6 + N* sin n0) sin pt + (Q» cos nO + R» sin w0) cos pi], 



thus, the currents may be determined to any degree of closeness. 

12. In order to find the couple that acts on the a, b shell, we use our previous 
result (vii.), 



77 apan c 



D 



L W>n ^n ^n ±*>n_ 



n 



As far as terms of the sixth degree in a, a this is (writing & 2 + c* = p* 9 b' 2 + c 2 

irapa [ f 2ab T aa! 



+ 



87rap<r 



-7 I +*Qi)# N i-* M i( + 7 I+ * R] 



a? .V* — c 3 



i. 



a 3 a' 



9 / 



d 3 J ^ d 3 



M' x . 



2~bca? 



remembering that the third harmonic terms are (to this order) in the same phase and 
give no couple ( X M 3 = 0, X N S = 0). 
This expression is 



Trapa aa 



■caBfeaaa 



Q-rrapcr a?a! a 2 I 



-(7^+^)1 + 



2 J :.;', ) 1 + ^ (Q'^ - M'.R'o 



[(6 3 - c 3 ) N'i + 26c M'J. 



Now, Q'jN^ — M'-lB/j has to be calculated to the second order only, and on reference 
to the values of these coordinates to the first order it will be seen that it is zero. 
Within the first bracket M\ and N' x are required to the third degree. We 
have (viii.) 



M'- 



N'x 



27raW 2Ia'b' , WirWa'yb _ . , , 

+ ^ W, V T~ I (a o- + ao- ), 



»\ 



.'2 



DiD^dy 



2ira'j)(j' 21a' c lQir^a s a'Vc T , , , , x 

+ —777— — ^r — ^ ^ .a , - 1 (a or + acr ). 



D'i ^ 



D^Vfy 8 



Hence, for the couple we get 



irapcr ao! 2a T2 



2ira'pa' 2a' nt 



+ 



J\ d? p 2 

Qirapa a?a' a 2 I 27ra'pc/ 21a' 



j oir a a d 



-be) 



D< 



# P 4 D'j 



r f - [- 26c . 6' + (6 3 - c 3 ) c]. 



This consolidates finally into 



-P. 



Sir^aa-'ca^a 



1 4^2 ^2 „ d zy 

7 + 



^D/ ' D^D^d 8 J • • • • (ix). 

13. It will be noticed that the more important term is symmetrical, except that it 

MDCCCXCIL— A, 2 R 
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changes sign if it be applied to the a\ V shell instead of the a, b ; the direction of 
rotation is negative when b — V is positive, i.e., is as indicated in the figure, and is 
& priori likely, since the repulsion is likelier to be stronger where the currents and 

Fig. 31. 




field are stronger, i.e., on the side nearest the wire of the shell to the left and on the 
unshielded side of that to the right. The couple changes sign with c as it should, and 
vanishes if <r or a*' vanish. The term of the eighth degree vanishes when p = d, i.e., 
QQ' = Q'W. 

The Effects on two parallel Thin Infinite Circular Cylindrical Shells of a Thin 
Filament parallel to them, and alternately Magnetised in a direction perpendicular 
to its Length. 

14. Let the same axes and coordinates be taken as before ; the filament may be 
regarded as an electromagnet consisting of a current 



A 



K, 



cos pt (where k is small), 



parallel to OZ at x = 0, y = c, and a current 

cob pt, 

parallel to OZ at x = — k sin a, y = c — k cos a. 

The direction of magnetisation will then make an angle of a with OX, and the 
strength will be A cos pt per unit length. 

If I./ (6, b\ c, d) were a coefficient in the expansion of the electromagnetic 
momentum in the case of a current Xcosjp£ at x = 0^ y = c, then, with the electro- 
magnet, that coefficient will be the limit of 

A f(b, ?/, c, d) — -/(& + * Bin a, &' + k sin a, c — k cos a, d), 



v.e* 



» + ay +008B & 



\ob do I 



PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 



307 



but the same plan will not avail when applied to find the new couple (by directly 
differentiating the couple due to the current I cospt), owing to the interaction of the 
currents set up by the two elementary currents of the electromagnet. 

We shall have to use our previous result, that if the external field on the surface of 
a shell has momentum 



t IX M # cos n9 + V N,, sin n6) sin pt + CQ« cos n @ + ^ s * n n @) cos PK 



the couple is by (vii.), 






Tra/pan* 



D 



|_ IN ^ \t£ n 1V1 W XV^J. 



n 



On reference it will be seen that due to the current I cos pt, we had 



S M ± 



aa f A.7ra!pcr f a!V T , 

_ _ _ j^ _j_ cubes. 



^N = 



_|_ _ __ — 1 . . . 



vn — "^ T j_ a0jt S^a^p 2 a!V T 



d* B\ p 



'2 



Bn = 



2ae T aa 7 87rV^ 3 o!g r 



Now, with the electromagnet instead of the single current (remembering 

7 

p cos y = b } p sin y = c), ~ I will become 

P 



~p .A 



or 



A 



sin a , 26 , . , . , x 

— — J -N-6sina + c cos a) 



sin a 2 cos 7 . -— * 

H -T- Sill a + y 



Also — I will become 
P 2 



A 



,2 



[cos a — 2 sin y sin a + y] 



and for —I, —I, we have merely to add dashes to p and y. 

If we omit terms of the <%/^A degree in a x a, the value of the couple will be 



j) L 1>! i ^i 



r N^U - "M^RJ, 



2 R 2 
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where 



w 



4:7Tt)(T CICt - . • — - - 

M 2 = — 77^7^77 A (— sin a + 2 cos y sin a + y') 9 



w 



w 



N i — " — ~flqyjn A ( G0S « — 2 sin y sin a + y), 

y x = — — - ( — sina + 2 cos y sm a + y) + Tmv - ^" A ( — sm a + 2 cos y sin a + y ), 

p CO XJ -1 p 

1P 



E T = — - -— (cos a — 2 sin y sin a + y) + y^T'i ^ ( cos a -~ 2 sin y sin a + y). 



On multiplying up, we notice that the second terms of XX Q 1 and ''K! cancel, when 
multiplied respectively by XX N 3 and yy M. v and we get for the couple 

irapcr 2a A. A.irp<r' 'aa' B A 



X [(cos a — 2 sin y sin a + y) ( — sin a + 2 cos y sin a + j) 



— (cos a — 2 sin y sin a + y) (— sin a + 2 cos y' sin a + y')_ 
or 

^ ^^Swy """sT/sT [2 sm a + y (cos y cos a — sm y sm a) 

— 2 sin a + y' (cos y cos ce — sin y sin a) 



4 sin a + y sin a -\- y (cos y sin y' — cos y' sin y)]. 



The expression within the bracket is 



sin 2o6 + y — sin 2a + J — 4 sin a + y sin a -j- y sin y' — y 
or 



— 2 sin y' — y [cos 2a + y + y' + 2 sin a + y sin a + y'] 
or 



— 2 sin y' — y cos y — y. 
Hence, omitting terms of the eighth degree, the couple on the a, b shell is 

where <£ is (y' — y), the angle subtended by the axes of the shells at the electro- 
magnetic filament. 

15. To this order then we have the following results :— - 
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(a.) The couple exerted on a shell is independent of a, i.e., of the direction of the 
axis of the electromagnet. 

(13.) The shells have equal couples in opposite directions, the parts of the shells 
directed towards one another being driven towards the electromagnet if <£ is less than 
a right angle and driven away from it if <j> exceeds a right angle. If <f> be a right 
angle the couple vanishes. 



Fig. 32. 



Fig. 33. 





The Mechanical Effect of Currents set up in a Thin Spherical Shell 

16. In obtaining the currents set up by a given field we follow Professor C. Niven : 
£, using spherical coordinates and the ordinary notation, 3> be the current function of 




the distribution in the shell, P the potential of imaginary matter spread over it with 
surface density <J>, then 



X Cu 



fl = -:i(^ F = o, 



a dr 



VJT 



1 dV 



a sin d(j> ? 



H = - 



dP 

add 



The components of the current are 



w = 0, v 



a sin 6 d<f> ' 



w 



94> 
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If the external field have magnetic potential Xl 03 and if 



a = 



id 
a dr 



(IV) 



(ever distinguishing quantities that refer to the externally applied system by a zero 
suffix), then the equations connecting the components of the vector potential with 
the components of induction are satisfied by 



1 3P 

t? a n. _ i ur o XT 



a sm 



in03</> 



3P 

ade 



The equations giving the currents are 



3$ 



or 



a sin 6 3$ 



d_ 
dt 



1 

— ±— 3/p± P \ 



and are satisfied by 



a* 


d 

~ dt 


>s|( P + P o) 


j 


xjt = Q, 




cr* = | (P + P ). 



Let us consider the case 



7* \ w 



'0 



.a, 



w* 



3t/r 

o30' 



3i|r 



& sin 6 3<£ 



where a is the radius of the shell, and Y n is a spherical harmonic of degree n. 
We have 



*M 



Y 



& 



P = — A -— r — ~r e^ = — A --- T Y n &* at the surface. 

u a u ~ l n + 1 % + 1 * 



If due to this 



<£ = BY*e*< 



then 



P 



4?ra 



2rc + 1 



BY^ 



at the surface, and the equation for B is 



<xB = ip 



4z7ra 
2wT+l 



B- 



a 



1 + n 






therefore 
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— A J 



r _ n + 1 
jt> = — 

4dnrpa 
2» + 1 



Denoting then 



i 2n + lap 47rpa — i2n + 1 er 
lG<rr*aY + 2n+TV 



by A„, we shall have corresponding to 

\Iq zzz J\, x n COS t)t 

at the surface, the value 



$ = A , r — - Y w (irrpa cos p£ + 2h + 1 cr sin pt), 



and corresponding to 

O = BZ n smpt 



rK t* rz 2^ + 1 m , . . — ^ x 

<p = rJZfc ===■— [Airpa Bin. pt — 2??, + 1 cr cos $>£.) 

17. If the components of magnetic induction or magnetic force along the directions 

§r, rS0, r sin S<jE> 
be a, /3, y, the components of electromagnetic force in these directions will be 



yv — /Jw, 


or 


3$ 


' a sin 6 d<p 


atv, 


or 





a 



otv, or 06 



add 
3<S> 



a sin 



6>S<£ 



The couple about the axis of z will be the integral over the surface of 

— olv. a sin 0, 

where in a it will be sufficient to take into account the external field (as in the case 
of the cylinder), for the shell will not exert any couple on itself. This couple is 



f. 



7C1 93> 
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Now If X2 be periodic in the time 2w/p 9 it can be expanded near to the surface of 
the sphere in the series 



n=~- 1 \ a t 



Y n cos pt + Z w sin jpi 



where Y«, Z M include only harmonics of the n th degree* 
Due to this value of O we shall have at the surface 



11 r- 



a = — S - [Y n cos p£ + Z^ sin pi] 



e e » 



» 9 



• I A.« K 



and 






+ 2n + 1 cr (Y« sinp£ — Z^ cos pi)] . . . (xi.). 
The mean value of sin 2 pt and cos 3 pt being \, and of sin pt cos pt zero, that of 



i 



dS , 



d 



C/w 



30 



will be, denoting differentiation to (f> by dashes. 



J, 

2 



dS 



■ 

L 






2 -=rf- (iirpaV 



n -f 1 



» 



» 



2^ + 1 crZ'„) 



w 



a 



« 



2% + Ipa 



(4irpaZ' n + 2n + 1 oY'„) 



Now Y'„. Z'« are harmonics of the n th degree and will give zero when multiplied 
by harmonics of other degrees than n th and integrated over the sphere : hence it is 
sufficient to write for the couple 



1 



dB i n j0r^ [(2n + 1) cr (Y H Z' n - Y'«Z») - 4wpa (Y n Y'n + Z n Z' n )]. 



Also Y n (3Y„/90) being a perfect differential, vanishes when integrated to <f> from 
to 277 : thus 






o, 



and the couple is 






7 2 (n + 1) A 



n J J 



Y 



3Z„ 



C/ JL ^ 



W 



9<£ "" fy 



* * # * 



(xii.), 
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[It might be objected that being given the external field, we have no right to take 
F = at the surface ; we have proved, however, in our introductory work, that 
if O be given, an alteration in the normal component of the vector potential only 
introduces an alteration in the electrostatic potential.] 

18. Hence it follows that — - 

(a.) If the external field be symmetrical round the axis of Z, so that O is 
independent of <j>, the coupljg will be zero ; 

(fi.) if the external field be completely in the same phase, or if when expanded in 
harmonics over the surface its form is 

O = 2 U„ cos (pt + €*), 

where e n is independent of the coordinates 0, <f> 9 then the couple vanishes. 

From this it follows that if w r e have an exciting field in the same phase, and intro- 
duce any number of perfectly conducting bodies, the couple will still be zero. 



The Couples on tivo Thin Spherical Shells due to the presence of an Alternating 

Current in a Straight Infinite Wire. 

19. Let the line joining the centres of the shells be taken as OX and the shortest 
distance between this line and the infinite wire as OY, 

Let the radii of the shells be <x, a\ and their central distances from 0, b and V : 
let the distance from of the wire be c* 






Z/ 



/ 



* ^ ■ ->■ 



/ /, 






c 



£> 



V 



/ 
/ 






& 



If a point in space have polar coordinates r 9 9 f <jj when referred to Q as origin and 
axes parallel to OX, OY, OZ, and coordinates r\ Q\ $ to Q' as origin, its Cartesian 
coordinates will be 

MDCCGXCIT— A> 2 & 
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so that 



x = b + r sin 8 cos <f> 
= V + r' sin & cos <£' 

y z=z r sin $ sin $ 
= r' sin & sin <£' 



2; = r cos $ 



= v cos /v 



Thus (if b — V = d) 



r sin 0' cos <£' 
r sm ^ sm <p 
r cos 0' 



r sin 6 cos ^ + ^ 
r sin sin <£ 
r cos 8 



> 



» • » » l xL HI. I 



3 



r 2 + 2 c?r sin 8 cos <£ + <#, 



and when r = a and is less than d 9 



r 



d 



a 
d 



sin 8 cos <j& . 



1 



so that, omitting second harmonics^ 



sin 0' cos <j>' 



/2 



sin 8 f sin <£' 



.'2 



r 



'3 



I — — sin cos <£ ) (d + ^ sin cos <f>) 

1 2a 

— " 3 sin cos <£ + higher harmonics. 



d 



d 3 



a sin sin <£ 
— ^j- 



cos 0* a cos 



cP 



• e « 



20. Hence if the currents in the a, b surface produce upon that surface a magnetic 

potential 

ft = (A sin 8 cos 4> + B sin sin <£ + C cos 8) cos pi 

+ (D sin 8 cos <£ + E sin (9 sin <£ + F cos 8) sin pi 

+ harmonics of second and higher orders, 

and if the currents in the a\ V shell produce upon itself a potential XI', whose value is 
distinguished by dashes from the above, then the value of ft' upon the a, b shell 
will be 



PRODUCED BY ALTERNATING ELECTRIC CURRENTS. 



315 



a 



'2 



d? 



- (A' cos pt + D' sin pt) 



aa 



>2 



+ — [— 2 A' sin cos <£ + B' sin sin <j> + C cos 0] cos p£ 



# 



&& 



'2 



+ ~~^~ [— 2D' sin cos <£ + E' sin sin <£ + F' cos #] sin £>£ 



d? 



+ higher harmonics. 
The magnetic potential at x, y, z of the current in the infinite wire is 



2 1 tan 



as 



cosjp£, 



and hence at 0, (j> on the a, b sphere is 






tan 



~i 



c — a sin 6 sin <£ 
& + a sin cos <£ 



cos p£, 



or 



21 cosjpt 



tan 



-l 



c aft sin sin cjE> ac sin 6 cos <£ 1 



W + c 3 



6* + <? " 'J* 



omitting harmonics of second and higher degrees. 

Hence the first harmonic of the magnetic potential of the system external to the 
a, b shell is upon its surface, 

Xl = ( v A sin cos (j> + 'B sin sin <£ + 'C cos 0) cosp£ 

+ CD sin cos <£ + N E sin sin <£ + N F cos 0) sin^, 



where, if fr 2 + c 2 = p 2 , 



\A 



2I« 2aa' 2 , , 



'B = 



2Ia& 



aa' 3 



/> 



3 + > B ' 



W 2 

d 8 " 



D' 



'E 



,'2 






V C 






\ rn 



F = 



./? 



2 






2 s 
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Now we have shown (xi.) that a field 



produces a current function 



«1j&a — — I M@ 



2 r fb ~f- J_ 



The P of this is 



2^ -f 1 



.7* 



and its magnetic potential at the surface 



4?rn 



(2ra + 1) 



- <J>, 



Hence the magnetic potential of the currents induced in the cb % b shell by the system 
O = ( V A sin 9 cos <j> + V B sin $ sin. <j6 -j- V C cos (9) p£ 



will be 



O 



-f- ( V D sin 9 c<h <j& + V E sin sin <£ + V E cos 0) sin jp£ 

- [('A sin 6 cos <f) + V B sin $ sin <£ + X C cos 9) {iirpa ooapt + 3cr sin pt) 
+ ( V D sin # cos <j> -f- V E sin 9 sin </> + V F cos 9) (kir-pa sin p£ — ' 3cr cos _p£)]. 



Comparing this with 



(A sin 9 cos (f> + B sin sin <f> + C cos 0) cos pt 
■+ (D sin 9 cos <£ + E sin $ sin <£ + F cos 0) sinpt. 



we have, on giving y A . their values, 



n = 



o 



A, 



iirpa 



2Iac 
P 2 






d 



, ,-y -r*- ~*» 



OCT 



2^ 



iwpa 



2\ah act 



'3, 



3cr 



<m 



. n. 



P" 



d 



73 



2Trpa 

2irpa 



inpa 



act 



/?, 



( 



3o" 



d 3 
2Iac 



v 



<T 



aa f ^ 
— H 






^ 3 



' ) + 47Tjl9a 



;<m 



/2 



2wpa 



21ab . aa /3 



3o-f- — + ^ r B / ] + 47rpa 



<m 



>2 



<P 



E' 



,-D' 



n 



'2 






cF 
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21. There are, of course, six similar equations obtained from consideration of the 
currents in the a i V shell : these equations are accurate, since the introduction of 
further approximations gives rise to harmonics of higher orders than the first. 

From the four equations giving C, F, C and F', it follows that all these quan- 
tities are accurately zero, as might have been expected, since the system is unaltered 
on taking — % for + z, i.e., putting (tt — 9) fot t 

From these equations it follows, as in the case of thd cylinder, that the principal 
terms of the first harmonics are of the first degree in the radii, but their next are of 
the fourth (not the third, as for the cylinder). 

It will also be obvious that the principal terms of the harmonic^ of the second 
order will be of the second degree in the radii* 

The values of the coefficients can be calculated with ease, as with the cylinder, but 
we wait to see which of them are involved in the couple. 

Writing the external field on the a, b shell in the form 



the couple will be (xii.) 



X2 = Y x cos pi + Z 1 sin j)t, 



1.3 2 pa 



Y dZi y uY-l 



a<£ 



a#j' 



and the most important term omitted (that from the second harmonic) is of at least 
two degrees higher in powers of the radii. 
Also, 

Y 1 = V A sin cos </> + B sin 6 sin <£, 

Z] = \D sin 6 cos <£ -f- V E sin 6 sin <£,■ 
so that the couple is 



or 



or 



9pcr 

4A 



i J 



dS [( V A cos <£ + V B sin <£) (— V D sin <j> + V E cos <f>) 

— ■ (— V A sin (j) + V B cos <j>) f D cos <f> + V E sir! <£)] sir! 2 # ; 



§P<T f 71 " 

4A 



- T 80 . a* sin 3 ' 9 f* S<£ {( V A N E - V B V D) (sin 3 <j> -f- cos 2 <£)} 
1 h ->o 



%.t^.27rCA v E- v B v D) 



* e J a 



♦ . (XIV. ), 



On reference to the values of N A, &c, it will be seen that to fourth powers of radii. 



21a 



A N E - V B X I) = - ^f \cE! + 2&D'] 



aw 



>2 



d? 



also 
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D' 



E' 






I + terms three degrees higher, 



12irpa^a f ¥ 



i 



Hence the couple increasing <£ is 



§irva?(T 2IaV 3 12 r 7rptV' 2 o- / T . lf , x 



or 



1447r7J 2 a-a- cc 4 a /4 c . - i'\ T2 



22. In obtaining the couple on the a', U shell it will not do merely to interchange 
dashed and undashed letters, for the equations (xiii.) give when r = a and < d, 



so that 



r 



-1 



d 



a' 



1 + -7 sin ff cos <&' . . . 



sin cos <£ 


1 


3&' , 
1 + —7 sin 0' cos </>' . . . 






r ~~ <P — ^3 S1J1 # COS <£ , 


sin sin <£ 

r 3 


= -r sm sm ? 


cos 6 


a' 
" d 3 


cos ff. 





d + a' sin & cos <£'] 



These equations may be obtained from (xiii.) by interchanging dashed and undashed 
letters, leaving the sign of d unaltered, with the exception of the term — (l/^ 2 ) IXI 
(sin 6 cos <f>)/r%, and as this term does not appear afterwards (being constant over the 
sphere), the exception is negligible. 

The subsequent work does not introduce d afresh, it only makes use of the formulse 
we have obtained, and thus it will be seen that the final couple on the a \ V shell is got 
by the changing of dashed and undashed letters^ leaving the sign of d unaltered ; it is 

pV 8 d* A x A\ { ^ } * 

If we write h for ^ (b + &')> the mean of distances of the centres from 0, the 
couples are 



727T 2 p 3 cro- / a 4 a /4 C 



p y» <P A, A 



7 (Gh±d) I 



2 
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23. Hence 

(a.) If or, cr or c vanish, the couple vanishes, as might have been expected, 

(/3.) The signs of the couples fall into three cases :— 

(i.) When 6h is positive and > d, both couples are positive, and tend to increase <£. 



0,-i 



w* 




7i 



Y 



Fig. 36. 




X 




Fig. 37. 



h 



"W 








(ii.) When 6h is numerically less than d y the a, h couple is positive^ and the a', h f 
negative. 

Fig. 38. 




a,' 










w 



'J% 



(hi.) When 6h is negative and numerically > (i, both couples are negative. 



Fig. 39, 



Fig. 40. 





JL 



V 




h 



»w 




w 
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The Couples on two Spherical Shells, produced by a Filament of infinite length, per- 
pendicular to the Line joining their Centres, and alternately Magnetised in a 
direction at right angles to its length. 



Fig, 41, 




24. Let the same axes be taken as before, and let the direction of magnetisation 
make « with the plane XOZ. The filament is equivalent to an electromagnet formed 
by currents 

cos pi, 



parallel to OZ at x = 0, y = c, an 



tc 



K 



K 



COBJOt 



at go = - — k sin a, y — c * 



k cos a, in the limit when /c is small ; the strength of 



magnetisation will then be K cos pU 

As before, a coefficient of magnetic potentia 

1/(6, b\ c) 

due to the current I cos pt, will become 



'ft/ ^/ 

sm ix i i; + ^r; 

.do o6~ 



A * ■*=? 



df 
cos a ™ 



due to the electromagnet, and if 



p cos y = & 



p sm y 






then on reference to previous work it will be found that whereas we had for 'A due 
to I cos pt 9 



™ fourth powers,; 



now we shall have 



J: 



2K 



a 



p n 



cos a + 2 sin y sin # — y 



9 4 
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So, too, we shall have instead of 



S B 



21 ah 



,2 



• » • 



\R 



2Ka 



sin a + 2 cos ysma — y], 



and 



,/-2 



' a 6 



(denoting by suffix Q that we have an electromagnet, not a current). 

Xi-lfeO 

T ^ / YlirpaJ^crV T 



Therefore, 



and similarly, 



and 



\P 



E' = 



127rpa 






' ~'2 



A>' ; 



K [— sin a + 2 cos y' sin a — y'], 






d? 



p., 12j97Ttt /2 or / ^ 



cos a + 2 sin y' sin a — y']. 



But the couple tending to increase <j> on the a, b shell is, by (xiv.), 



Qwrpcfia a . x -n, x ™ 



Aa 



(>\E - \B\D) : 



or 



6 ^j~^ ^ (^E' + 2\B,D'), 



or 






where 



/ (a, y, y') = [cos a + 2 sin y sin a — y] [■— sin a 4~ 2 cos y' sin a — y'] 



+ 2 [— sin a + 2 cos y sin a — y] [cos a + 2 sin y' sin a — y'] 



= — 3 sin a cos a + sin a — y [4 cos a cos y — 2 sin a sin y] 
+ sin a — y' [2 cos a cos y' — 4 sin a sin y] 
+ 2 sin a — y sin a — y [2 sin y cos y + 4 cos y sin y'] 



f sin 2 a + sin a — y [cos a ~ y + 3 cos a + y] 



-j- sin a — y [3 cos a + y — cos a — y'] 



MDCCCXCIL- 



+ [cos y — y — cos 2 a — ■ y — y'] [3 sin y + y' + $i n y' "- y]« 
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On multiplying out and replacing products of sines and cosines by sines and cosines 
of added or subtracted angles most of the terms cancel, and we are left with 

\ sin 2 (y — y) + f sin 2 (a — y — y'). 
Thus the couple on the a, b sphere is 



_ 727rVaWW 



p 2 p^A^ ^ 



7-^- [sin 2 y - y + 3 sin 2 (a - y - y')], 



and on the a', 6' sphere, 



T _, 727rya% , W / r . "-t ,o-o/ 

K ~ WW,* [-sm2yy+8Bm2(a-y 



-y)i 



25. From this we see that 

(a.) If the couples on the two shells be equal and opposite 

(a — y — y) = or ± £ w, 

a = y + y or 7 + y' db i 7r - 

(/3,) The couples will not vanish whenc = (and y = y = 0), unless in addition 
a = or ± £ 77 (in which case there is by symmetry obviously no couple), 
(y.) We may take as an example 



and the couples will be 



r = 30°, y = 60°, 
7277VgVVcr y/g Q ' . 



the upper sign referring to the a, & shell. 

The bracket will be positive when a = — 45° say. 

The bracket will be positive and negative when a = or 90°. 

Fig. 42. 



Fig. 43. 
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The bracket will he negative when a = + ^5°. 

Fig. 44. 




(S.) In confirmation it may be noticed that if y = it — y (i,e., when the system is 
symmetrical to GY), and a = 0° or 90°, the couples are equal and opposite. 
The couples are then 

and are negative and positive on the a, b and a\ V shells respectively, for all possible 
values of y, for which the a, & shell is to the right of a\ b\ 

Fig. 45. 




The Couples on Two Spherical Shells in the presence of a Magnetic Pow uj 

strength H cos pt. 

26. Take OX through the centres of the spheres and OY through the pole, whose 
distance from is c. 

Fig. 46. 




2 t 2 
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Then, with the same notation as before, the magnetic potential due to the single 
pole will be, on the a, b shell, 

H cos pt 



\Iq 



[p 2 + a? + 2pa sin 6 cos <fi + 7p 
H cos pt 



1 - — sin 9 cos y + <A + second harmonics 



The equations (xiii.) now give 



S A 



^D 






Ha 

XXtt/ 

2<m' 2 

3 



cos y + fourth powers of a 



sin y + . . . 



d 



• (xv.)j 



<m 



/2 



# 



J 



and since in O there was no term cos 0, the coefficients v O, V F will be zero, 
Also 

2irpa 



i) 



E 



^1 

2irpa 



3cr/A] + fourth powers; 



[3<x . B 



see 



Therefore 



TV _ 277 ? a/ ' 



E/ z-irpa f 
= — -r; — OCT ♦ 





Ha' 




/ 


*-— 


/ 


cos 


r 


~». 


P 








Ha 7 




z 


J-„ 


rt'2 


sm 


7 


_ 


p * 







» • * 



The couple on the a, 6 shell has been proved to be (xiv.) 



This is equal to 



^-( X A X E- X B\D). 



birjM^ o- act p V . ™ N -^ -j-./. 

A x d 3 L 



or 



Qirpa^a- act' 2 Ha Supa'a' THaf r 



cos y sin y / — 2 sin y cos y J, 



or 



tt& ^Tr&p ' a a ccra „ , ,v 

q /q a A / 7Q \ "*y"" ^J v/ /« 

p p K l\j l\ -i Cu 
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The couple on the a, V shell is 



u2 SQ^phfia^ccnj' 



(26 + &'). 



27. Thus we see that 

(a.) The couples vanish (as they should) when c = 0. 

(/3.) When 6 = — V and a = a 7 , the figure is symmetrical to plane YOZ, and the 
couples will be equal and opposite (as they should) : that on the a, b shell being 
positive if d be positive. 

Fig. 47. 






(y.) For other cases the discussion of sign is similar to that for the current I cosjpZ, 
and there are three cases :— 

I. When h and V are positive, the couples are both negative, as also if V be 
negative and •§ (& + V) > d/6. 



Fig. 48. 



Eig. 49. 







(M 











m 



II. When i (& + &') < d/6 numerically, the signs are +, 

Fig. so. 
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III. When \ (b + V) is negative, and is numerically greater than d/6, the couples 
are both positive. 



Fig. 51. 



Fig. 52. 



-a 



h 






O 



!M 






W, 







M 



The Couples on tivo Spherical Shells in the presence of a small Magnet of Moment 
K cos pt, whose Axis cuts the Line joining the Centres of the Spheres at an 
angle a, 

28. We regard the magnetic particle as having a pole of strength (K/k) cos pt at 
x = 0, y = c, and a pole of strength — (K/k) cos pt at 

x = — k sin a , y = c + k cos a', where a' = (7r/2) — a. 



Fig. 53. 




If a coefficient of magnetic potential due to a single pole at (0, c) of strength 
H cos pt, be 

H/(6, 6', c) 

that due to the magnet will be the limit when k is small of 

(K/k) f(b, b', c) — (K/k)/(6 + k sin a' 3 b' -\- k sin a', c + k cos a'), 



t.&, will be 



K 



- + ^ sin « + - 3 ~ 
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Now we had (xv.) 



X A = 



Ha 
-—■cosy 



Hob 



Thus, distinguishing coefficients arising from the magnet by a suffix ( / ) as distinct 
from the magnetic pole, we have 

Sic 



\A.= -Ka 



[- - 8 + -j ) sin a H- 



cos a 



= — — |- [ sin a' + 3 cos y sin a' + y] 



So too from *B = Hac/p 3 (xv.) 



Ka 



\B = — [— cos a' + 3 sin y sin «' + y] . 

r 



We had also 



\D = 



V E = 



2aa' 2 



&nrva'(T f Ha'b' , . . 

. — — — + higher powers, 



aa' 9, &nrpa f a Ha'c 



Hence 



\D 



= K -5SXT^- L- sin a + 3 cos y sin a + y ] . . . 



d s A lP 



\E = 



>3 



Qirpaa V 



Thus the couple 



where 



K ^^3 [- cos a + 3 sin y' sin a 7 + y'] . . . 



= ^~^ (\A\E - \B\D), 

67rpaV K 3 & Qirpaaf^o-' rf , n 



/(a', y, y') = — [— sin a + 3 cos y sin a 7 + y] [— cos a + 3 sin y' sin a' -f y'] 



— [— cos a + 3 sin y sin a' + y] [■— 2 sin a' + 6 cos y' sin a + y'] 

= — \ {(sin a' + 3 sin a + 2y) (cos a — 3 cos a + 2y') 

+ (cos a' — - 3 cos a f + 2y) (sin a + 3 sin a' + 2y / )}. 

On multiplying and continuing the practice of replacing products by sines and 
cosines of sums or differences, we get 



— f [sin 2a + 3 (sin 2y + sin 2y') + (sin 2 a + y — sin 2a + y) 

— 3 sin 2 (y' — y) — 9 sin 2a + 2y~+~2y']. 
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Expressed in terms of a, the couple on the two shells will be 



Tr9 27t7>%% , W / , , , x 



2A 1 A' 1 ^ 3 p 



where 



<£ (a, y ; y') = sin 2a + 3 (sin 2y + sin 2y') + sin 2a — 2y' 



— sin 2a — 2y — 3 sin 2y — 2y — 9 sin 2a — 2y — 2y'. 

29. Hence we have 
(a.) If y' = rt — y, 

(^> (a, y 3 y') = 3 sin 4y + 2 sin 2y cos 2a — 8 sin 2a, 

For the couples to be equal and opposite we must have a = or \rr, and then 

(j> (a, y } y) = 3 sin 4y ± 2 sin 2y„ 

If y = i 77 (fig. 54), the values of <£ (a, y 5 y') are negative, both for a = and 
a = ±tt; if y = ^w (fig. 55), both values of <f> (a, y, y) are positive. 



Fig. 54. 



TiV ^ K 

rig. oo. 





(/3.) If we take y = 30°, y = 60°, we find that 



/( a > y> / ) = 
/(«, y\ r) = 



3. 

8 



3. 

8 



3\/3 



9, 



- + 9 sin 2a 



V3 



+ 11 sin 2 a 



The former is negative when a increases from 0° to about 98° 23', and positive 
thence to 171° 37', being negative to 180°. The latter is negative from 0° to 112° 34', 
positive thence to 157° 26', and afterwards negative to 180°. 
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In fig. 56, a = 45°; in fig. 57, ol 
a = 165°. 



Fig. 56. 



105°; in fig. 58, a = 135°; and in fig. 59, 



Fig, 57. 




Fig. 58. 





Fig. 59. 
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